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Abstract 



We consider the Schrodinger operator with a periodic potential on quasi-lD mod- 
els of armchair single-wall nanotubes. The spectrum of this operator consists of an 
absolutely continuous part (intervals separated by gaps) plus an infinite number of 
■ eigenvalues with infinite multiplicity. We describe the absolutely continuous spectrum 

of the Schrodinger operator: 1) the multiplicity, 2) endpoints of the gaps, they are given 
by periodic or antiperiodic eigenvalues or resonances (branch points of the Lyapunov 
function), 3) resonance gaps, where the Lyapunov function is non-real. We determine 
the asymptotics of the gaps at high energy. 



1 Introduction and main results 



Consider the Schrodinger operator ^ = —A + Yg with a periodic potential on so called 
armchair graph , N ^ 1. In order to describe the graph V'^ , we introduce the fundamental 
O '. cell f = Uffj C M^, where f ^ = {x = rj + tej,t G [0, 1]}, j G Ne is the edge of length 1, and 

r:;' Nm = {l,2,..,m}, ei = e6 = -(l,y3), 62 = 64 = (1,0), 63 = -65 = -(1, -^3), 

O I ^ 

ri = (0, 0), ?2 = r5 = ri + ei, ?3=?g=?2 + e2, r4 = r3 + e3. (1.1) 



We define the strip graph by 

P = U(„,fe)ez;xN^(r + A;e;, + ne,) CM^ e;, = (3,0), e, = (0,^). 

Vertices of are rj + keh + ne„, (n, j,k) E Z,xNqxNn- If we identify the vertices ri + ne^ 
and ri + Ne^ + ne^ of for each n E 1^, then we obtain the graph F^, given by 

= U^e^r^, uj={n,j,k)eZ = ZxNeX Z^, = Z/{NZ), 
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Figure 1: Armchair graph for = 10 and for = 1. 



where F^^ = F^ + ket + ne^, see Fig. [T], O Let = + ksh + ne^ be a starting point of 
the edge F^. We have the coordinate x = r^^ + tej and the local coordinate t e [0, 1] on F^^. 
Thus we give an orientation on the edge. For each function y on F^ we define a function 
Vui = ylr^j:^ ^ We identify each function on F^^ with a function on [0, 1] by using the 
local coordinate t G [0,1]. Define the Hilbert space L'^{T^) = ©<^e^L2(F^). Let C(F^) be 
the space of continuous functions on F^. We define the Sobolev space W^{T^) that consists 
of all functions y = {yui)wez G ^^(F^), {y'^)u,ez G L'^{T^) and satisfy 
Kirchhoff Boundary Conditions: y G C(F^) satisfies for each vertex A ofT^ 

J2{-l)%{b)=0, where = {oo e Z : A e T^}, b = b{uj,A), (1.2) 

where if A = is a starting point o/F^^ {i.e. t = at A), then b{uj, A) = 0, 
if A = + is an endpoint ofT^ {i.e. t = 1 at A), then b{uj, A) = 1. 

The Kirchhoff Conditions (11.21) mean that the sum of derivatives of y at each vertex of 
F^ equals and the orientation of edges gives the sign ±. Our operator Jif on F^ acts in the 
Hilbert space L^(F^) and is given by {J^y)uj = -y'^ + qy^, where y = {yui)wez G T}{J^) = 
W'^{T^) and {ygy)uj = qUu^.q e -^^^(0,1). If the potential q is even, i.e., q G L^^g„(0, 1) = 
{q G i^^(0, 1) : q{t) = q{l — t),tG [0, 1]}, then the orientation of edges is not important. The 
standard arguments (see |KLj ) yield that is self-adjoint. 

The considered model was introduced by Pauling |Pa] and was systematically developed 
in the series of articles by Ruedenberg and Scherr |RSj . Further progress is discussed in 
jKL]. jKLT] . [BBKL] . jHaj . jSDD] and see references therein. 
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Figure 2: A piece of a nanotube . The fundamental domain is marked by a bold line. 

For the convenience of the reader we briefly describe the structure of carbon nanotubes, 
see |Haj . |SDDj . Graphene is a single 2D layer of graphite forming a honeycomb lattice, see 
Fig. El A carbon nanotube is a honeycomb lattice "rolled up" into a cylinder, see Fig. [H In 
carbon nanotubes, the graphene sheet is "rolled up" in such a way that the so-called chiral 
vector Q = NiQi + A^2^2 becomes the circumference of the tube, where Qi, Q2 are defined in 
FigO The chiral vector fl, which is usually denoted by the pair of integers {Ni, N2), uniquely 
defines a particular tube. Tubes of type (A^, 0) are called zigzag tubes. (A^, A^)-tubes are 
called armchair tubes. 

Recall the needed properties of the Hill operator Hy = —y" + q{t)y on the real line 
with a periodic potential q(t + 1) = q(t),t G M. The spectrum of H is purely absolutely 
continuous and consists of intervals 5^ = [Xn-i^ -^n]'""- ^ 1- These intervals are separated by 
the gaps 7„ = (A~, A^) of length |7„| ^0. If a gap 7„ is degenerate, i.e. |7„| = 0, then the 
corresponding segments a„,a„+i merge. For the equation —y" + q(t)y = Xy on the real line 
we define the fundamental solutions ■(9(t, A) and ip{t, A), t e M satisfying -(9(0, A) = (p'{0, A) = 
l,i)'{0,X) = (p{0,X) = 0. We define the monodromy matrix Ai, the Lyapunov function F, 
and the function F_ by 

where (pi = (/?(!, = ■),<p'i = V''(l, — '^'{^^ ')■ The function F has only simple 
zeros rin,n ^ 1, which satisfy r^i < 772 < ••• The sequence Aq < A|f ^ Aj'" < ... is the spectrum 
of the equation —y" -\- qy = Xy with 2-periodic boundary conditions, that is y{t + 2) = 
yit),t G M. Here equality A~ = A+ means that A^ is an eigenvalue of multiplicity 2. Note 
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Figure 3: The honeycomb lattice of nanotube. The unit cell is spanned by the vectors 
and The type of the nanotube is defined by the pair {Ni,N2) G N^, A^^i ^ A^2, and 
corresponding chiral vector Q = NiQi + N2^2- 

that -F(A^) = (—1)", n ^ \. The lowest eigenvalue Ag is simple, F{\q) = 1, and the 
corresponding eigenfunction has period 1. The eigenfunctions corresponding to have 
period 1 if n is even, and they are anti-periodic, that is y{t + 1) = —y{t), t G M, if n is 
odd. The derivative of the Lyapunov function has a zero A„ in each interval [A~ , A^] , that is 
-^'(An) = 0. Let fj,n,n ^ 1, be the spectrum of the problem —y" + qy = Xy,y{0) = y{l) = 
(the Dirichlet spectrum). Define the set an = {fin,n ^ 1} and note that cx^) = {A G C : 
ip{l, A) = 0}. It is well-known that /i„ G [A^, A^],n ^ 1. 

For simplicity we shall denote F^,! C F^ by F^,, for a = {n,j) E Zi = Z, x Ng. Thus 
F^ = UaeZi'^a, see Figdl We introduce the self adjoint operator H^. acting in the Hilbert 
space L^(F^) and given by {Hkf)a = -f'L + ^/a^ {fa)aeZi, {fa)aeZi G ^^(F^), where the 
components /a,a; G Zi satisfy the Kirchhoff conditions: 

/n,l(l) = /«,2(0) = /„,5(0), fnM = UA^) = Ufii^), 

/n,3(l) = /m(0) = /n-l,6(l), sVn,4(l) = /n,l(0) = /„-l,5(l), S = e^^, (1.4) 



- fU^) - fn,M = 0, f'^^l) - ^3(0) - 46(0) = 0, 

/;3(i)-/;4(o)+/U6(i) = o, ^v;4(i)-/;i(o)+/U5(i) = o. (i.s) 

The operator Hk has four Floquet solutions ipk^ = {i'kt)oieZi,^ =1,2 satisfying the 

ftp'^^~'~ (1)\ /'?/'^'~'~ (1)\ 

condition I I = rt], I /.^^ ) • For each k G 'Ln we introduce two Lyapunov 



.rkUl)) '''' K^kUi) 

functions = \{Tk^u + 'T'kl)^ ^ ^ ^2- Recall the results from [BBKLj : 
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The operator is unitarily equivalent to H = (B^ Hk. The following identities hold true: 

(y{Hk) = (Too{Hk) U (Tac{Hk), cr^iHk) = cr^, 

cTaciHk) = {A G M : Ffc,,(A) G [-1, 1] for some v G N2}, (1.6) 

i^fc,. = a-(-l)"v^, ^=1,2, a = — 4, Pfc = (9F2-4)4 + s2F! (1.7) 

/or eac/i A; G TL^ , where Sk = sin = cos Here the functions Fk^i, Fk^2 are branches 



of the Lyapunov functions Fk = + \fPki analytic on the two sheeted Riemann surface 9^fc 
defined by J^. 



Remark. We take the branch of ypfc such that \/ pk{^) > 0, where pki^) > 0, A G M. Then 
Fk,i = + ^/Pk > Fk,2 = - y/Pk for such A. Note that Fk,u, k ^ {0, y} have branch 
points on the real hne. The functions Fqj^,i> = 1,2 have steps at the points rjn, n ^ 1. The 
functions F^^,m = y G Z have steps at the zeros of F_. Note that using other branches 
of y/pk we could obtain a new smooth functions Fk^u on real axis for k G {0, y}, but this 
choice is not convenient for our proof. 
We define the entire functions 

D^ = 4{Fk,iTl){Fk,2Tl)- (1.8) 

The zeros A^'^, n ^ 0, = 1, 2, of the function are the periodic eigenvalues. The zeros 
A^'^_]^,?T, ^ 1,1^ = 1,2, of are the antiperiodic eigenvalues. Let Q ^ Xi'q ^ A^'2' ^ 

X22 ^ ^2^2 ^ -^i'^ ^ ••• X21 ^ Xi'^ ^ X^'i ^ Ag'j*^ ^ A2'3^ ^ A^'3 ^ ... counted with 
multiplicities. This labeling is convenient for us and associated with the Lyapunov functions 
Fk,uFk,2 (see Figg]). 

A zero of Pk,k G Zjv is called a resonance of Hk- Roughly speaking the simple real 
resonances create gaps. There exist real and non-real resonances for k ^ {0, y} (see |BBKLj ). 
Note that in the case of zigzag nanotube all resonances are real [KLj . |KLlj . 

We define the functions 

Uk = \F^\-sl Vk = \F^\-cl keZN. (1.9) 

Theorem 1.1. Let k G Z^- Then the identity aac{Hk) = UygN2,n^i5'y „ holds, where the 
spectral bands S^^^ = [E^'^^_i, E^'~], ^ 1, z/ = 1, 2 satisfy: 

Tpk,± xfc,± Tpk,± xO,± TTifc.it J -^i!p ^/ ^fc(Ai^p ) ^ 

E.:p-i = K:p-i. E2:p=X2]p, E,;p={/ „ao±^^n ' ^ = 2^-1' (1-10) 

E^'^p = r^^ for k ^ {0, y} and for large n ^ 1, where r^^ are given by 

= min{A G x„ : pk{X) = 0}, = max{A G x„ : Pfc(A) = 0}, x„ = (A'i';^ , A°;p ). 
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Figure 4: Graph of the function Fk{X) and the spectrum of Hk 



Moreover, the following estimates hold true: 

4';><p^-i ^# «fc(<p')<0 5 <p~+i>4p'' ^ff u,{E',:;)<0. (1.12) 

Remark, (i) The second identity in fll.lOp shows that = for all {k,n) G Z^r x N. 
Here and below p = 2n — 1. 

(ii) The last identity in fll.?!) gives po = and then = are zeros of F. 

(iii) Let k ^ ^. If ffc(A'i'^p) < for some a = ±, then has at least two zeros r^^ in >iv^, 
(see Lemma [3.2( iii)). In Lemma [3.41 we prove that the last identity in f ll.lOp for A; 7^ y is 
equivalent to 

fA?;J if Ffc,i(rJj = F,,2(rt)^-lorp, >Oonx„ iV 
Vtn if F,MJ = FuM,n) e (-1, -|] ' ^ 2 • 

(iv) Let = m = Y G Z. Then = and (11.71) gives = F'^. Thus, t;^ = and 
t'm(Ai^p ) ^ for all n ^ 1, where p = 2ri — 1. The last identity in f ll.lOp gives -E™p^ = A°^p . 

Theorem 1.2. Let k E Z^v, ^ l,p = 2n — 1. 

(i) Let x^_„ = (A?;p,r^^„) C ^f,2n-i; = (^m^ ) ^ 5f,2n («-e., ^tp^ = T/ien i/ie 

spectrum of Hk in x^^ 7^ has multiplicity 4- 
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(a) IfE2',p > E'['p_-^ {or E^'p^^ > E2'p), then the spectrum of Hk in the interval {Ei'p_^, E2]p ) 
= S^p n S^p {or {E^lp, ^t'p+i) = ^iv+i ^ S2,p+i) has multiplicity 4. 

(Hi) The spectrum aac{Hk) in all intervals, with the exception the intervals of the statements 

(i) , (a), has multiplicity 2. 

Remark (i) Let q G Ll^^^{0,l). In this case F_ = (see p.8, (MWj). li k ^ f, then 
Vk{\i'^) = —cl < and the last identity in (11.101) gives E^'p = r^^ for all n ^ 1. If 
k ^ 0, then Uk = — < 0. Relations (11.121) show that the spectrum in each interval 
Sin n 7^ 0, n ^ 1 has multiplicity 4. 

(ii) In Proposition 13.51 we prove that Uk{E2^) > and Vk{)^{^) > for some k,n and for 
some specific non-even potentials. Then relations (11.121) give S'f „ fl S'|„ = 0, and the last 
identity in (ll.lOp yields E^'p = A°|p . 

In order to describe gaps in the spectrum of Hk, H we need 

Definition 1. Let g = (Ai, A2) be a gap in the spectrum of Hk or H. 

(i) If Xi, A2 are zeros of {or D^), then g is a periodic {or antiperiodic) gap. 

(ii) // Ai, A2 are zeros of pk, then g is a resonance gap. 

(Hi) If one of the numbers Ai, A2 is a zero of and other is a zero of D'l {or pk), then g 
is a p-mix gap {or r-mix gap). 

In our armchair model there is no a gap (Ai, A2), where one of the numbers Ai, A2 is a zero 
of and other is a zero of pk- 

Theorem 1.3. Let A; G Z^r. Then aac{Hk) = M \ Un^oCfe.n? where the gaps Gk,n satisfy: 

70 C ^^,0 = { — ^,E2fi), 7„ C Gk,4n = {E2,2n^ ^2,27%) ^ Gk,4n-2 = (-Sl,'2n-1 5 -^l,'^™-! ) ^ ^n, 
Gk,4n-3 = {E2'2n-l^Et2n'2)^ <^fc,4n-l = (-^f '2„, -E2,'2'n-1 ) ? ^ [-^l,'2n-l 5 -^t'ati-l] ' (l-^^) 

Gk,n = GM-k,n dll k G Zjv, Gk^in C G'^,4n; G'^,2rt-1 C Gfc,2n-1 ^ k < i ^ —. (1.14) 

Furthermore, for some uq ^ 1 the gaps satisfy: 
Gk,in di^G periodic gaps, 

Gk,2n-i are p-mix gaps and each Gk,2n-i = for k 0,n ^ no 
Go,4n-2 are antiperiodic gaps and G'o,4n-2 = for n ^ uq, 

Gk,4n-2, k ^ {0, y} are antiperiodic, or resonance, or r-mix gaps, and Gk,in-2 are resonance 
gaps for n ^ Hq, 

Gn 4„_2, Y ^ ^ are antiperiodic gaps. 

If q & i^ei,e„(0, 1), then each Gk,in-2^ k ^ {0, ^},n ^ 1 is a resonance gap. 

Remark. In Theorem [L3J and below we let the gap G'fc,4n-2 = 0, if E^2n-i '2n-l-: 
the similar relations for other gaps hold true. 

Below we write a„ = 6„ + l'^{n) for two sequences (a„)5^, {hn)^ iff (ctn — &n)i° ^ We 
describe the spectrum of H . 
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Theorem 1.4. aac{H) = R \ Un^oGn, where the gaps Gn = ^keZN^k,n o,nd Gn satisfy: 

Go = ( — 00,i?^g) = Gofi, G^n = (-E'2,2n) -^2^2n) = G'o,4n, G4n-2 = (-^l,2n-l' -^lt2n-l) ^ ^n, 
G4n~3 = (-^2,2n-l) -^lt2n-2) = Gm,,4n-3, G^n-l = (-E'l,2n) -^2^2n-l) = G'm,4n-1, (1-15) 

7„_1 C G4n--4, G [^!;2n-l>^t2n-l] n ^ 1. (1.16) 

The gaps Gin-2 = ^2™-! = /or a// /arg'e 1 and the following asymptotics hold true: 

Et2n = = {^nf + go ± y^gL + qln + ^ «5 n ^ 00, (1.17) 

where go = Jq*^ q{t)dt^ Qsn = Jq g(s) sm27rns(is, gen = /o^ g(s) cos2Tcnsds. 

There are papers about the spectral analysis of the Schrodinger operator on periodic 
graphs and periodic nanotubes. Molchanov and Vainberg pVlVj consider Schrodinger opera- 
tors with g = on so-called necklace periodic graphs. Korotyaev and Lobanov [KL], [KLl] 
consider the Schrodinger operator on the zigzag nanotube. The spectrum of this operator 
consists of an absolutely continuous part (intervals separated by gaps) plus an infinite num- 
ber of eigenvalues with infinite multiplicity. They describe all eigenfunctions with the same 
eigenvalue. They define a Lyapunov function, which is analytic on some Riemann surface. 
On each sheet, the Lyapunov function has the same properties as in the scalar case, but it 
has branch points (resonances). They prove that all resonances are real and they determine 
the asymptotics of the periodic and anti-periodic spectrum and of the resonances at high 
energy. They show that there exist two types of gaps: i) stable gaps, where the endpoints are 
periodic and anti-periodic eigenvalues, ii) unstable (resonance) gaps, where the endpoints 
are resonances (i.e., real branch points of the Lyapunov function). They describe all finite 
gap potentials. They show that the mapping: potential all eigenvalues is a real analytic 
isomorphism for some class of potentials. 

Moreover, Korotyaev and Lobanov [KLl] consider magnetic Schrodinger operators on 
zigzag nanotubes. They describe how the spectrum depends on the magnetic field. Ko- 
rotyaev [K2] considers integrated density of states and effective masses for zigzag nanotubes 
in magnetic fields. He obtains a priori estimates of gap lengths in terms of effective masses. 
Kuchment and Post [KuPj consider the case of the zigzag, armchair and achiral nanotubes 
with even potential g e Ll^^^{0, 1). They show that the spectrum of the Schrodinger operator 
(on these nanotubes), as a set, coincides with the spectrum of the Hill operator. 

In |BBKL] authors describe all eigenfunctions of Jif with the same eigenvalue. They 
define a Lyapunov function, which is analytic on some Riemann surface. On each sheet, the 
Lyapunov function has the same properties as in the scalar case, but it has branch points 
(resonances). They prove that there exist non-real and real resonances. 

In the present paper we describe the absolutely continuous spectrum of J^, multiplicity 
of the spectrum and endpoints of the spectral bands. These results are absent in |KuP] . We 
show that there exist two types of gaps: i) stable gaps, where the endpoints are periodic and 
anti-periodic eigenvalues, ii) unstable (resonance) gaps, where the endpoints are resonances 
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(i.e., real branch points of the Lyapunov function). Moreover, we determine the asymptotics 
of the gaps at high energy. 

We present the plan of the paper. In Sect. 2 we describe the periodic and antiperiodic 
eigenvalues. In Sect. 3 we prove the main results about the spectrum of Hk, TL. 

2 Preliminaries 

Lemma 2.1. There exists an integer > 1 such that 

(i) The function Dq given by ( (i.gj) has exactly Auq zeros, counted with multiplicities, in the 
domain {A : |V^| < tttt-o} and for each n > hq, exactly two zeros, counted with multiplicities, 
in each domain {A : \^/X — vrn — | ± arcsin || < i}. There are no other zeros, 
(a) Each function , k & Zjsf has exactly Auq + 2 zeros, counted with multiplicities, in the 
domain {A : \VX\ < irriQ + |} and for each n > uq, exactly one simple zero in each domain 
{A : |-\/A — vm — I ± arcsin v^Ml^fe | < |}. There are no other zeros. 

(Hi) Each function : k ^ {0, y}, has exactly 2nQ zeros, counted with multiplicities, in the 
domain {A : \VX\ < t^uq}, and for each n > tlq exactly one simple real zero in each domain 
{A : Iv^A — [im — f ± arcsin y)! < y}. There are no other zeros. 

Proof repeats the case of the zigzag nanotube [KLj . ■ 
Substituting (11.71) into (11. 8p we obtain for A; e Zjy 

(9F^ - h,)i9F' - h2) (2.1) 
on M, where 

gk,. = 5 + + i-iy2^Fl + Acl K = (1 + (-1)1F_|)2. (2.2) 

Lemma 2.2. (i) For all {h',k,n) G N2 x Z^r x N the periodic and antiperiodic eigenvalues 
satisfy 

xfc,± _ ^N-k,± ^k,± _ -vO.i A; _ _ (0 'i\ 

'^u,n-l — '^u,n~l 5 '^y,2n-l ~ '^y,2n-l^ lu,2n-l ~ lu,2n-l^ 7l,2n-l ~ -^"5 l^'-^J 

Ki^i ^ ^v-i ^ min{A2;;,Ai;+_J ^ maxjA";;, Ai;+_ J ^ \^{~ 
^Vn^ A;;+ ^ min{A^;;+i, A°;+} < max{At;;+i, A°;+} ^ A^-+i ^ A;, p = 2n-l, (2.4) 

A";; < >^i:U ^ ^^(^L" ) > o ; a°;+ > ^ u,ixi'+) > o, (2.5) 

Un>i 7°2n-i = {A G M : 9F\X) < h,{X)}, U^j^oT^sn = {A G M : 9F\X) > gtA^)}, (2.6) 



D+ = (^{3F - 1)2 - 4 - j (^{3F + 1)2 - 4 - j + 16s] 
= = ('(3F - 1)2 - f2'| ('(3F + 1)2 - fA 
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9F2(A) 




Figure 5: Functions 9F'^,g'^,h^ and // 



where 



= (-00, A^'o^), 7' = i^tln, Aj+), {ly, n, A;) G N2 X N X Z^. 



(n)lf0^k<i^f andn^l, then 



A 



2,2n-2 



^£,+ ^k,+ ^k- ^.e, 

^ '^2,2n-2' ^1.2n-2 ^ ^1.2n-2' '^l,2?i ^ ^1, 



2n' 



^ \k- 
^2,2n ^ ^2,2?i- 



(2.7) 



Proof, (i) The periodic eigenvalues are zeros D'^. Using fl2.ll) and the identities sjy^k = Sk 
we obtain the first identity in (12.31) for the periodic eigenvalues. The antiperiodic eigenvalues 
are zeros Dj^ . Using (12.11) and the definitions of 7^„, x„ we obtain the other identities in 

(I23D. 

Identities (Q give gk,i - hi = 2(|F_| + 2 - ^Fl + 4^) ^ on M. Then we obtain 

hi ^ min{/i2,fi'fe,i} ^ max{/i2, ^ 9k,2- (2.8) 

Identities (O) give - = di<^'i = 1 + d[ipi. Then ^^(/i^) = F2(/i„) - 1. The last 
identity and F^(/i„) ^ 1 imply 



9F^(/i„) - (7fc,2(;u„) = 2 2. /F2(/i„) - 1 + 4c; 



31 

+ - 16c^ ) > 0, 

which yields gk,2{fJ'n) ^ (//„). Estimates (12.81) and the properties of the function F 
provide that each of the functions — g^^u, — /i^, z/ = 1, 2 has at least one zero in each 
of the intervals (—00,771], [?7„,yU„], r^n+i], n ^ 1. Moreover, Lemma ETT] shows that each 
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of these functions has exactly one zero in each of these intervals. Then the properties of the 
function F and estimates fl2.8l) yield fl2.4p . 

Identities give ^^,1 - /i2 = 2(4 - + ^ si + 4^ - ^Fl + Acl). For fixed A 

we obtain gk,i{X) > /12(A) iff |F_(A)| < s^. Let A = A2'2n-i- Estimates (12.41) show that 
Xn-i ^ min{A2;2'„_2, A2;2n-i} ^ max{A2;2~„-2. A2;2n-i} ^ Vn- Siuce [F^y < on {Xt-l,Vn), 
we deduce that A2'2n-i > '^2'2n-2 l-^-('^2'2n-i)l < -^L which yields the first equivalence in 
(12.51) . The proof of the second equivalence is similar. 

Estimates (El), (ESD and the properties of F yield (ESI), 
(ii) Identities (12. 2p give gk^2 < 91,2, ge,i < Qk,!- The properties of F yield (12.71) . ■ 



Proof of Theorems 1.1-1.4 



Let Rk = {X E : Pfe(A) > 0},k In Lemmas 13.1113.31 we describe the set ak^u = {X E 

R : Fk,^{X) G [-1, 1]} in terms of F. 

Lemma 3.1. For all k E I^n (^nd X E Rk the following identities hold true: 

Ffc,,(A)<l iff- 9F\X) < gkA>^), ^ = 1,2, (3.1) 
Fk,iiX) > -1 iff {9F\X) > hiX) or |F_(A)| < 4}, (3.2) 

Fk,2{X) > -1 iff hF\X) > /i2(A) or {9F\X) < h^{X) and |F_(A)| < 4}]. (3.3) 



Proof. If A; = m = f G Z, identities ([LZD, (O give Fm,u - 1 = 1(9^^ - g^^^), F^^^ + 1 
i(9F2 - h^), which yields (l3l])-([331) for k = m. 

Let k ^ Y- We rewrite the functions pk, Fk^u — 1 in the form 



Pk = i9F' - gk,.)cl + i^Fl + 4cl + (-l)'^4)^ 

^ (v^ - i-iycl - ^JfI + 44) (yp^ - i-iycl + ^F^_ + Acl^ , 
These identities yields (13. ip . We rewrite the functions pk, Fk^i + 1 in the form 



p, = (9F'-h,)cl + i\F_\~clY, Fk,i + l = ^^i^^k + cl-\F_\ji^^k + cl + \F_\j. (3.4) 
These identities imply (13.20 . We rewrite the functions pk, Fk^2 + 1 in the form 

Pk = (9F2 - h2)cl + i\F^\+ ciy, Fk,2 + 1 = ^ (v^ -cl-\F^\^ (^VP~k -4 + |F_ 

These identities and the first identity in (13.40 give (13. 3p . ■ 

Now we describe the zeros of pk and the functions Fk^u on the interval Recall the 
intervals x'^ = {Xl^n-i, r^,n) ^ ^n,k = (^M.^^Jn-i).^ ^ 1 (see Theorem O]) • 
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Lemma 3.2. Letk^f. Then 

(i) The following relation holds true: 

M \ -Rfc C U„^ix„, where Xn = (A?;2„_i, A°;^„_i). (3.5) 

All real zeros of pk belong to the set U„^ix„. Each interval Unin ^ 1 contains even number 
^ of zeros of pk, counted with multiplicities. 

(ii) Let x„ ^ for some n ^ 1. Then for each cr = ± the following relations hold true: 

signffc = const on each C Rk, (3.6) 

if Vk{\) > for some A G x^„, then Fk,2 < -^fc,i < —1 on x^^^, (3.7) 
if < for some A G then — 1 < 2 < on x^^„. (3.8) 

// x„ C Rk for some n ^ 1, then 

Vk > and Fk^2 < < —1 on x„. (3.9) 

(Hi) If Vk{X) < for some A G Jc^, n ^ 1, then pk has even number ^ 2 of zeros on Tc^. 

Proof, (i) The last identity in (ll.7p gives 

p, = cl{9F^-fk), k^^, where f, = sl(^l - (3.10) 

Identities (I3.10p show that zeros of pk (resonances) are zeros of 9F^ — fk. Identities (12. 2p . 

f2 

(I3.10p give hi — fk = (ck -)'^ ^ 0. Identities (12. 4p and the properties of the function F 

imply that real zeros of pk belong to the set U„^ix„ and (13. 5p holds. The function pk has 
even number of zeros in x„, since ^ at the points A°'2„_i, ^I'tn-i- 

(ii) Identity (12. 6p show that 9F^ < hi on x„. Using the first identity in (13. 4p we conclude 
that if |F_(A)| = c| for A G x„, then Pa:(A) < 0. We obtain (13.60 . since > on x^^. 

If |F_(A)| > cl for some A G xj^, then ([SSD show |F_(A)| > 4 for all A G xj„.' Recall 
that 9F2 < /ii on x^. Then gives < -1 on xj„, which yields (O). 

If |-F-(A)| < for some A G x^„, then (13. 6p provide |-F-(A)| < cl for all A G x^^. Using 
9F2 < /ii on x^ again ( |331) gives -1 < Fk,2 on x^„. We obtain ( |3^ . 

Suppose that x„ G -Rfc, i-e. p^ > on x„. Estimates (12.40 yield //„ G x„, hence PkiVn) > 0. 
Note that po{rin) = 0, hence the condition x„ G Rq is not fulfilled for all n. In this reason 
we assume below 7^ 0. 

The last identity in (11.70 gives F'^{r]n) = s^"^ pk{r]n) + c\> cl, which yield |F_(?7„)| > c|. 
Using 9F^ < /ii on x„ and the first identity in (13.40 again we conclude that if |F_(A)| = cl 
for A G x„, then Pfc(A) < 0, which yields sign(|F_| — cl) = const on x„. Thus |F_(A)| > cl 
for all A G x„ and we have the first estimate in (13.90 . Relation (13.20 gives 1 < — 1 on x„, 
which yields the second estimate in (13.90 . 

(iii) Using relation (13. 9p we deduce that if ffc(A) < for some A G Jc^ = [A'j'^2n--i5 A^^„_i], then 
x„ ^ Rk- Hence there exists A G x„ such that Pfc(A) < 0. On the other hand Pki^i'^n-i) ^ 0; 
which yields the needed statement. ■ 
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For each (/c, z/) G Zjv x N2 we introduce the sets 

&k,u = U ( [-^^.'Sn-a' '^u,2n-l] U ["^^^n-l' '^u,2n\ h ®fc = [J ^fc,Ti' (3-11) 

where = {n : Vk{Xi'2n-i) < 0}- The set @k,u is a part of ak,u, where the periodic and 
antiperiodic eigenvalues are endpoints of bands. The set is an "unstable" part of ak^u- 

Lemma 3.3. For each {u, k) EN2 x I^n the following identities hold true: 

&k,u = {A G M : K{\) ^ 9F\X) ^ gk,uW}, (3.12) 

©f = {A G i?fc : 9F^{\) < hi{\) and Vk{\) ^0}, A; ^ — , and 6| = 0, (3.13) 

2 2 

(Tk,u = &k,u U 6f . (3.14) 

Proof. Identities (EJ]) give ([312]). If m = f G Z, then Cm = 0, t;„(A) = |F_(A)| ^ and 
Ar± = 0, which yields = 0. The first identity in (ES) gives U„^ix„ = {A G M : 9F^{\) < 
/ii(A)}. Then provide fl3J3|) for A; ^ f . Identities flof- fl33|) yield fIXTill . ■ 

We prove our main results. 
Proof of Theorem [EH Identities flHTTjl - flTTil) give 

O'k,! = U„^l(5'^'^2n~l U Sl,2n)^ ^k,2 = i^a=±,neN^ X^^J ^ (^n^l ('S'2_2„-l U 5'2_2„)), 

where 2n-i = [^^^-2' ^n-i] U ><fc,„ andSf 2„ = x+„ U [A°;+ _i, X'^'-J. Then ([nUj) holds 
true. Using (^M) and C 5'f 2„_i,x^„ C 5'f 2„, we obtain aac{Hk) = (Tk,i U crfc,2 = 
^uen2,n^iSn,u- Estimates ([Jl]) give ffLTTj) . Relations ([23D provide ffLT2|) . ■ 
Proof of Theorem 11.21 The last identity in f lLlOj) together with (13. 8|) imply E^'^ = r^^ 
iff -1 < Fk,2 < Fk,i on Identity (KTT\ shows that xj„ C . Identity (l3T3l) yields 

^ /ii on x^^. Relations (13. 2|) give 2 < -^fc.i < 1 on x^^. Then the spectrum in 
x^^ has multiplicity 4. Suppose that i^f'p^ 7^ r^^. Then the last identity in (ll.lOp show 

^fc('^i'2n-i) ^ 0- Relation (13. 7p yields Fk,2 < < —1 on x^^. Hence the interval x^^ lies 
in a gap of iJfc. 

Using p.lU|) we rewrite 6^,1. (see p. lip) in the form 6/,,^ = [jn^ii[^u,2n-2, E'^',2n-i] U 
[-E^'^.]^, i?^'2^]). Estimates (II. lip show that 

&k = &k,i n &k,2 = (^u„^^fc,-^^fc,+_JEjp",Ef;+_J^ y |^u„^^fc,+<^fc,-^jEj+,Ef;p+J^^ 

Identity (13.140 give G [—1, 1] on Then F^^^ G [—1, 1] for u = 1,2 on &k- Hence the 

spectrum on this set has multiplicity 4. The spectrum on {&k,i U ©^,2) \ ©fc has multiplicity 
2. ■ 
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We need the following well known asymptotics (see, for example, [K]) 



gosin^A , ©(el^"^^!; 



F(A) = cosv^+^^^^^ + 



2VA |A| 



1 r- o(ei^"^^h 

F_(A) = ^/ ^m\f\{\-2t)q{t)dt^^— |A| ^ oo. (3.15) 

Proof of Theorem 11.31 Estimates (12. 4p show that the intervals Gji^ = (-E;^'~, i?^'+), 
(z/, n) G N2 X N, satisfy: 

G% n = for m ^ {0, 1}, G^^n-i n = for m 7^ 2n - 1, 

G't2n n = for m ^ {2r2 - 1, In, 2n + 1}. 
Then the gaps Gk,n, "n. ^ in the spectrum Hk are given by 

k,0 — tJl,ol l*-^2,0' ^k,2n — t^l.n' l*-^2,n) ^k,4n-3 — '-^l,2n-2l l*-^2,2n-l) tjfe,4n-l — ^l,2n^ l*-^2,2n-l) 

n ^ 1, which yields all identities in (11.131) . Estimates (12. 4p give all inclusions in (11.131) . 
Lemma [2^2] and relations (13. 5p . (12. 7p give (I1.14p . Identities (ll.lOp show that Gk,4n are periodic 
gaps, Gfc,2n-i are p-mix gaps and Gk,in-2 are antiperiodic, or resonance, or r-mix gaps. 
Asymptotics (13.150 and estimates fll.l2p give that -E'^4„_3 > E^^^n-s ^^m-i ^ -^Mn-i 
for 7^ and large n > 1. Hence Gk,2n-i = for such k, n. 

'''' .o±, • 

r]n if vo{X{p}<0 

Hence G'o,4n-2 are antiperiodic gaps or G'o,4n-2 = 0- Moreover, E^'~ = E^'^ = rj^ for all large 
n ^ 1. Hence Go,4n-2 = for large n ^ 1. 

Since Cm = 0,m = y G Z, identities (ll.lOp provide E^^ = XT,p^- Hence Gm,4n-2 are 
antiperiodic gaps. 

For ^ {0, f } identities (iLTOj) give Gk,4n-2 are antiperiodic, or resonance, or r-mix gaps, 
and asymptotics (I3.15P show that Gk,in~2 are resonance gaps. 



If g G Ll^eni^, 1), then F_ = and Vk<0,k^ Identities ffTTnl) show that 



k,± ± 



k,n 



in this case. The last identity in (ll.7p yield pk = (9F^ — s^)c^. Properties on the function 
F show that r^,^ < for ^ 0, y and all n ^ 1. Then Gk,4n~2 = {fk,niK,v)i^ ^ ^ 
resonance gaps. ■ 

Proof of Theorem 11.41 Recall that the operator is unitarily equivalent to H = 
®iHk. Relations (I1.14p provide aac{H) = M \ U^^oCn, where gap Gn = (^keZNGk,n- The 
second relations in (11.140 show G^n = Go^^n,^ ^ 0. The third relations in (11.140 imply 
G2n-i = Gm,2n-i,n ^ 1. the relations Gk,4n-2 C x„ give G'4„_2 C x„. Thus, we have 
proved all relations in (11.150 . The relations 7„_i C Gk,4mVn £ [-^i'2ri-i5 -^i '2ri-i] gi'^^ the 
corresponding relations 7„ C G^n^Vn ^ [-^r2n-i5 -^i'2n-i]5 which yields (11.160 . By Theorem 
11.31 Gm,2n-i = G'o,4n-2 = for large > 1, which implies G'4„-2 = G'2„_i = for large 
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In order to prove asymptotics (11.171) we assume that q{t)dt = 0. Identities (12.ip and 
Lemma 12.11 (ii) show that \^2^n zeros of the equation 



3F(A) = (-ir(l + ^F2(A)+4), (3.16) 

and X^2^n = (™ + ^n)^5 where ^ | for large n. Let A = A2^^„ and e = e^. Asymptotics 
(EIS]) give 

F(A) = (-1)" + 0(^2) + 0(n-2), F„(A) = 0(^-1). 

Substituting these asymptotics into (13.161) we get e = 0{n~^). Using the standard calcula- 
tions (see [K]) we obtain 



Substituting the last asymptotics into (I3.16P we obtain e"^ = ^^^^'^'^"^^2" + ^^fs^; which yields 

A2^„ = {Trnf ± + + Identity ([USD yield A°;^„ = ^t- Asymptotics ([HTD 

follow. ■ 

Now we prove Remark to Theorem 11.11 11.21 
Lemma 3.4. Let k ^ ^. Then for each n : Xn ^ Rk the following relations hold true: 

^/c(A?l-i)^0 ^ FkM,n) = FkM.n) ^ (3.17) 

^fc(A?i-i)<0 ^ i^M('^t) = ^'^-2(rJjG(-l,-^]. (3.18) 
Moreover, if q is even, i.e. q{l -t) = q{t), then -Ffc,i(^fcn) = Fk,2{''"kn) ^ 



Proof. Let r = rj^. Recall pk{r) = 0. Identities (O) yield (9F2(r)-s2)4 = -slF^{r) ^ 0, 
then 9F^(r) ^ s^. Moreover, 

P r ^ P r ^ r ^ 9i^^(r)-Fj(r)-l 1 
i^fc,i(r) = Ffc,2(r) = ^^r) = ^ ^ ^2' 

Relations (ESI) give that if VkiX^'p) > 0, then Fk,^{r) < -1, and if Vk{X^{p) < 0, then 

Ffc,,(r) > -l,z/ = 1,2. 

Conversely, let Fk^uij") < —1. Then (13.21) yield ffc(r) > 0. Identities (13.61) give Vk{r) > 
on xj„, then Wfc(A?;J) ^ 0. Let Fk^^{r) > -1. Identity ([2S1) show that 9F'^{r) < hi{r). Then 
(13.21) yield ffc(r) < 0. Identities (13. 6p give Vk{r) < on then Vki^^i^) < 0. Relations 
(EHZD, (EH]) are proved. 

If g e L2^,„(0, 1), then F„ = (see jMW] ) and < 0,fc 7^ f . Then fl338|l gives 

i^fc,i(0 = i^^,2(r) = -^G(-l,-i]. ■ 
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Proposition 3.5. Let k ^ {0, y}, q = Qe = -S{t — | — c^e — e'^),e ^ and let uq > 1. Then 
there exists > such that for all e G {—ei,6i) \ {0}, 1 ^ n ^ hq the following relations 
hold true: 

vMfn-l^le) > 0, Ef;2^„_i(ge) = >^lfn~liQe), (3.19) 

Ue{E',:t_^,qe)>0, SUq,) H SUq,) ^ H) , all ^ £ < ^ - k. (3.20) 

Proof. If qy = -6(t — a),v 7^ 0, a G (0,1), then we have (see, for example [BBKLj ) 
F_(A, q,) = z = ^^\.Leta = ^ + Ck€ + e\ k ^ {0, f }. Then 

F_{X,q,) = ^- = Ck + e + 0{6^) as \e\ ^ 0, (3.21) 

uniformly on \z\ ^ unQ. Using this asymptotics we deduce that there exists ei > such that 
if l^l < £1, then |-F_(A)| > cl and Vk{X) > for all ^ A < (vmo)^. Using (11.101) we obtain 
(KT^ . Moreover, |F_(A)| > for all £ < f - and ^ A < (7mo)^ Thus, we obtain 
ue{\) > for such i, A. Then ffTT^ gives ■ 
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